Economists, especially Quiggen (1982) and Yaari (1987) , generalized ex? pected utility theory to accommodate the Allais' paradoxes (Allais (1979) ). Psychologists, especially Kahneman and Tversky (1979) The paper is organized as follows: in Section II, we review the safety-first portfolio framework from Roy to Kataoka, Telser, and Arzac and Bawa. In Sec? tion III, we present Lopes' SP/A theory. SP/A theory focuses on the twin desires for security (S) and potential (P) and on the aspiration levels associated with se? curity and potential. Section IV develops BPT. We characterize the BPT-SA efficient frontier and show that, in general, BPT-SA efficient portfolios are not mean-variance efficient. Section V describes the return distributions of efficient BPT-SA portfolios.
In Section VI, we address the misconception that Tchebyshev's inequality implies that optimal safety-first portfolios always lie on the mean-variance efficient frontier. In Section VII, we describe BPT-SA portfolios when returns are normally distributed and show that constraints on short sales can lead these portfolios to lie off the mean-variance efficient frontier. Section VIII develops BPT-MA for the case where investors segregate portfolios into two mental accounts, one designed for safety and the other designed for potential. In Section IX, we discuss several structural issues concerning BPT portfolios. In par? ticular, we show that BPT-MA portfolios are neither BPT-SA efficient in general, nor mean-variance efficient. Section X discusses the evolutionary implications of BPT. We show that BPT-SA efficient portfolios are fitter than some, but not all, mean-variance efficient portfolios. In Section XI, we compare real life portfolios to BPT portfolios, and in Section XII, we offer conclusions and directions for future research.
II.

Safety-First Portfolio Theory
Investors in Roy's (1952) safety-first portfolio theory aim to minimize Pr{W < s}, the probability of ruin. An investor is ruined when his terminal wealth W falls short of a subsistence level s. Let P be an arbitrary portfolio with corresponding return mean pp and return standard deviation ap. Roy focuses on the case when there is no risk-free secu? rity (ap > 0 for all P) and the subsistence level s is low (s < pp for all P). In the special case when all portfolio return distributions are constrained to be nor? mal, minimizing the probability of ruin is equivalent to minimizing the number of standard deviations in which s lies below pp. There is now a large literature demonstrating that people systematically violate the axioms of expected utility (Kahneman and Tversky (1979) ). In the remainder of the paper, we focus on choice theories where the axioms of expected utility are violated.
III. SP/A Theory
Lopes (1987) developed SP/A theory, a psychological theory of choice un? der uncertainty. SP/A theory is a general choice framework rather than a theory of portfolio choice. However, SP/A theory can be regarded as an extension of Arzac's version of the safety-first portfolio model.
In SP/A theory, the S stands for security, P for potential, and A for aspiration. Lopes' notion of security is analogous to safety in safety-first, a general concern about avoiding low levels of wealth. Her notion of aspiration relates to a goal, and generalizes the safety-first concept of reaching a specific target value, such as s. There is no counterpart to potential in the safety-first framework. Po? tential relates to a general desire to reach high levels of wealth.
In the Arzac-Bawa and Telser models, danger means the possibility that wealth might fall below a particular minimum level s. They measure the prob? ability of safety as Prob{ W > s}. This probability is a decumulative probability, meaning that it has the form D(x) = Prob{W > x} : D is called a decumulative distribution function. In Lopes' framework, two emotions operate on the willingness to take risk: fear and hope. Both emotions function by altering the relative weights attached to decumulative probabilities.
As in Arzac-Bawa and Telser's formulation, Lopes' choice model focuses on an expected wealth function.
Lopes uses a discrete-state formulation, similar to that in Arzac (1974) . In this regard, consider a two-date framework, where the dates are labeled zero and one. Let there be n states associated with date one, where pt = Prob{ Wj, i = 1,2,..., n, and wealth levels are ranked W\ < W2 < ... < Wn.
Lopes notes that expected wealth, E(W) ? EpiWi, can be expressed as EDi (Wt -W,-_i), where the summation is from i = 1 to n and Wo is zero. In this expression for E(W)9 the individual receives W\ with certainty (note that D\ = 1), receives the increment W2 ? W\ (that is, an amount over W\) with probability D2, receives the further increment W3 ? W2 with probability D3, and so on.
Lopes contends that fear operates through an overweighting of the probabil? ities attached to the worst outcomes relative to the best outcomes. She postulates that fear leads individuals to act as if they computed E(W) using a value for p\ that is excessively high, and a value forpn that is excessively low. In other words, they act as if they were unduly pessimistic when computing E(W). Lopes also pos? tulates that hope leads individuals to act as if they were unduly optimistic when computing E(W), using a value for p\ that is excessively low, and a value for/?rt that is excessively high. 2This utility function can be considered a limiting case of the utility function developed in Markowitz (1952b). We thank Harry Markowitz for this point.
In Lopes' framework, fear underlies the concern for security, and hope underlies the concern for potential. Formally, fear affects attitude toward a risky outcome through a reweighting of the decumulative probabilities.
Specifically , Let qs = qP =0, A = 0.9, W0 = 1, and a = 1. The SP/A-efficient portfolio features W/ = 0.9 for i < 8, and W8 = 3.7. The expected return to this portfolio is 25.37%, and the return variance is 87.56%. By setting the parameter b in Theorem 2 equal to 1.6155, we obtain a mean-variance efficient portfolio with the same expected return, but a return variance equal to 9.41%. Hence, the specific SP/A portfolio is not on the mean-variance frontier. and use prospect theory to explain why investors sell winners too early and hold losers too long (the disposition effect). Although the disposition effect can be formally captured in this paper by setting A=WD, our focus here is on the structure of portfolios rather than the timing of buy/sell decisions for individual securities.
Tversky and Kahneman (1986) present evidence of the difficulty that co? variance and other properties of joint probability distributions impose on mental processes. People simplify choices by dividing joint probability distributions into mental accounts and in the layered pyramid structure of portfolios.
There is considerable evidence, from experiments and practice, that investors overlook covariances.
Kroll, Levy, and Rapoport (1988) conducted experiments where three groups of subjects were given expected returns and the variancecovariance matrix of three securities, A, B, and C, and asked to form portfolios. The correlations between A and B and A and C were set at zero for all three groups, but the correlation between B and C was set at zero for the first group, at 0.8 for the second group, and at -0.8 for the third group. The differences be? tween the covariances set for the three groups are such that if the subjects in the three groups considered covariances, the average proportion allocated to each of the stocks would have been different across the three groups. Yet Kroll, Levy, and Rapoport find no significant differences between the portfolios of the three groups. In essence, subjects ignored covariances as they constructed their portfo? lios.
Jorion (1994) presents similar evidence from the practice of institutional in?
vestors, who invest globally, to often put securities into one layer of the pyramid and currencies into another. They separate the management of securities from the management of currencies and assign the latter to "overlay" managers. As Jorion notes, the overlay structure is inherently suboptimal because it ignores covari? ances between securities and currencies. He calculates the annual efficiency loss that results from overlooking covariances as the equivalent of 40 basis points.
We present BPT-MA for the case of two mental accounts. To understand the mental accounting structure of portfolios in BPT-MA, imagine an investor who contains three entities, a principal we call the "planner" and two agents we call "doers." This follows the self-control framework developed by Thaler and Shefrin (1981) and applied by Shefrin and Statman (1984) in the context of dividends. The first doer has a low aspiration level, and the second doer has a high aspiration level. Each doer is associated with one mental account, and the planner balances the two doers to maximize overall utility as he divides current wealth Wo between the two. Given two portfolios, the fitter portfolio is the one with the lower entropy. Note that minimum entropy is achieved when budget share per unit probability equals unity across all states.
6Note that a BPT-MA portfolio is not BPT-SA inefficient just because the former has two as? piration levels while the former has one. It is straightforward to define a version of BPT-SA with two aspiration levels. The major source of the inefficiency is the lack of integration between the two accounts. In an efficient BPT-SA portfolio, the associated payoff values are as follows: zero, the as? piration levels, and possibly an additional amount associated with the sn. This is not what a BPT-MA investor chooses.
Consider the budget share of the BPT-SA efficient portfolio (4) and meanvariance efficient portfolio (5). The budget share per unit probability for the BPT-SA portfolio is (7) oo, for i < icj (pi/vi)(W0/A), for ic <i<n, PnWo/(W0 -EViWi).
Note that the probability to budget share ratio is infinite for the lowest states, and that it is an increasing function for ic < i < n. Clearly, this ratio will not be the unity function, The budget share per unit probability for a mean-variance efficient portfolio has the form, 
XI.
Real World Portfolios and Securities
The optimal portfolios and securities we described were constructed to fit optimally the preferences of specific investors. Such optimal securities will be constructed in a cost-free world. As Allen and Gale ( tal accounts in the hands of three "doers" whose aspiration levels range from low to medium and to high. BPT-MA investors do not follow two-fund separation. Greater aggressiveness might manifest itself by an increased portfolio allocation to the high aspiration doer and by a corresponding increase in the allocation to stocks in the portfolio.
XII. Conclusion
We develop a positive behavioral portfolio theory (BPT) and explore its im?
plications for portfolio construction and security design. We present our model in two versions, BPT-SA, where the portfolio is integrated into a single men? tal account and BPT-MA, where the portfolio is segregated into multiple mental accounts, such that covariances among mental accounts are overlooked. BPT in?
vestors, like the investors in the Friedman-Savage puzzle, are simultaneously risk averse and risk seeking; they buy both bonds and lottery tickets. Portfolios within BPT-MA resemble layered pyramids where each layer (i.e., mental account) is associated with a particular aspiration level. We explore a simple two-layer model with a low aspiration layer designed to avoid poverty and a high aspiration layer designed for a shot at riches. Since BPT-MA investors overlook covariance between layers, they might combine a short position in a security in one layer with a long position in the same security in another layer.
We explore the links between BPT portfolios and mean-variance, CAPM and VaR portfolios. Optimal securities for BPT investors resemble combinations of bonds and lottery tickets. The bonds for the low aspiration mental account resemble risk-free or investment grade bonds, while the bonds for the high aspiration mental account resemble speculative (junk) bonds. We explore the similarities between optimal BPT securities and real world securities such as bonds, stocks, and options.
We plan to extend BPT in several ways. One extension involves the design of securities by corporations, especially in connection with capital structure and dividend policy. Capital structure and dividend policy are usually approached from the supply side; dividends are regarded as information signals and capital structure is regarded as a solution to agency problems. We think that capital structure and dividend policy also need to be approached from the demand side; some corporate securities fit better than others into the layered pyramid structure of BPT portfolios. Analysis of dividend policy requires a multi-period model. A multi-period BPT model is also useful for analyzing risk and its relation?
ship to time diversification. Proponents of time diversification argue that the risk of stocks declines as the time horizon increases, while opponents argue that it does not (see Kritzman (1994) Lastly, the road from BPT will lead to an equilibrium asset pricing model, extending Shefrin and Statman (1994) , just as the road from mean-variance port? folio theory led to the CAPM.
